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Abstract

Ranking methods, similarity measures and uncertainty measures are very important concepts for interval type-2
fuzzy sets (IT2 FSs). For example, a ranking method can be used to find the largest (best) IT2 FSs in a vocabulary
or after aggregation, a similarity measure can be used to map the output of a computing with words engine to a word
in the vocabulary, and, uncertainty measures can be used in system design using basic uncertainty principles. So far,
there is only one ranking method for IT2 FSs, whereas there are many similarity and uncertainty measures (which
causes confusion). The objectives of this report are to evaluate ranking methods, similarity measures and uncertainty
measures for IT2 FSs based on real survey data, test ranking methods and the LWA against psychological rules, and
then suggest the most suitable ranking method, similarity measure and uncertainty measure that should be used in
the CWW paradigm. The results will be useful in understanding the uncertainties associated with linguistic terms

and hence how to use them effectively in survey design and linguistic information processing.

I. INTRODUCTION

Zadeh coined the phrase “computing with words” (CWW) [32], [33]. According to [33], CWW is “a methodology
in which the objects of computation are words and propositions drawn from a natural language”. Nikravesh [22]
further pointed out that CWW “is fundamentally different from the traditional expert systems which are simply
tools to ‘realize’ an intelligent system, but are not able to process natural language which is imprecise, uncertain
and partially true.”

There are at least two types of uncertainties associated with a word [23]: intra-personal uncertainty and inter-
personal uncertainty. The former is explicitly pointed out by Wallsten and Budescu [23] as “except in very special
cases, all representations are vague to some degree in the minds of the originators and in the minds of the receivers,”
and they suggest to model it by type-1 fuzzy sets (T1 FSs). The latter is pointed out by Mendel [16] as “words
mean different things to different people” and Wallsten and Budescu [23] as “different individuals use diverse
expressions to describe identical situations and understand the same phrases differently when hearing or reading
them.” Because each interval type-2 FS (IT2 FS) can be viewed as a group of T1 FSs and hence can model both
types of uncertainty, we suggest to use IT2 FSs in CWW [10], [12], [16].

A specific architecture (Fig. 1) is proposed in [11] for making judgements by CWW. It will be called a perceptual
computer—Per-C for short. Perceptions (i.e., granulated terms, words) activate the Per-C and are also output by the

Per-C; so, it is possible for a human to interact with the Per-C just using a vocabulary of words. In Fig. 1, the



encoder ! transforms linguistic perceptions into IT2 FSs that activate a CWW engine. The decoder® maps the output

of the CWW engine into a word. Usually a vocabulary (codebook) is available, in which every word is modeled

as an

Fig. 1.

IT2 FS. The output of the CWW engine is mapped into a word (in that vocabulary) most similar to it.
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To operate the Per-C, we need to solve the following problems:
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How to transform linguistic perceptions into IT2 FSs, i.e. the encoding problem. Two approaches have
appeared in the literature: the person membership function (MF) approach [12] and the interval end-points
approach [14], [19]. Recently, Liu and Mendel [9] proposed a new method called the interval approach,
which captures the strong points of both the person-MF and interval end-points approaches.

How to construct the CWW engine, which maps IT2 FSs into IT2 FSs. There may be different kinds of CWW
engines, e.g., rules [16], the linguistic weighted average® (LWA) [26], [27], the novel weighted average (NWA)
[13], perceptual reasoning (PR) [17], [18], etc. If the CWW engine is rule-based, its output may be a crisp
number (e.g., after defuzzification). On the other hand, if the CWW engine uses LWAs, NWAs and/or PR,
its output will be an IT2 FS A.

How to map the output of the CWW engine to a word (linguistic label), i.e., the decoding problem. Mendel
[11] has proposed an approach to map a crisp number into a word in the vocabulary. To map an IT2 FS to a
word, it must be possible to compare the similarity between two IT2 FSs. There are four existing similarity
measures for IT2 FSs in the literature [2], [4], [20], [34]. Recently, Wu and Mendel proposed a new vector
similarity measure (VSM) [31].

How to rank IT2 FSs. In one example used in [13], we have to choose the best tactical missile system (TMS)
from three competing companies. The process for evaluating each TMS is shown in Fig. 2. The overall
performance of a TMS, denoted as Y, G = 1,2,3), is represented by an IT2 FS computed from several
NWAs. Hence, we must be able to rank these Y; to find the best TMS. Only one method for ranking 1T2
FSs has been proposed so far by Mitchell [21].

How to quantify the uncertainty associated with an IT2 FS. As pointed out by Klir [8], “once uncertainty (and

information) measures become well justified, they can very effectively be utilized for managing uncertainty

1Zadeh calls this constraint explicitation in [32], [33]. In some of his recent talks, he calls this precisiation.

2Zadeh calls this linguistic approximation in [32], [33].
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where X; and W; are words modeled by IT2 FSs.



and the associated information. For example, they can be utilized for extrapolating evidence, assessing the
strength of relationship between given groups of variables, assessing the influence of given input variables on
given output variables, measuring the loss of information when a system is simplified, and the like.” Several
basic principles of uncertainty have been proposed [5], [8], e.g., the principle of minimum uncertainty, the
principle of minimum uncertainty, and the principle of uncertainty invariance. Five uncertainty measures have

been proposed in [29]; however, an open problem is which one to use.
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Fig. 2. Tactical missile systems evaluation process.

Problems (3)-(5) will be considered in this study. The objectives are to:

1) Evaluate ranking methods, similarity measures and uncertainty measures for IT2 FSs based on real survey

data;

2) Test ranking methods and the LWA against psychological rules; and,

3) Suggest the most suitable ranking method, similarity measure and uncertainty measure that should be used

in the CWW paradigm.
Our research results will also help people better understand the uncertainties associated with linguistic terms and
hence how to use them effectively in survey design and linguistic information processing.

The rest of this report is organized as follows: Section II presents the 32 word FOUs used in this study. Section III
proposes a new ranking method for IT2 FSs and compared it with Mitchell’s method. Section IV proposes a new
similarity measure for IT2 FSs and compared it with the existing five methods. Section V computes the uncertainty
measures for the 32 words and studies their relationship. Section VI tests ranking methods and the LWA against

psychological rules. Section VII draws conclusions.

II. WorD FOUSs

The dataset used herein was collected from 28 subjects at the Jet Propulsion Laboratory (JPL). 32 words were
randomly ordered and presented to the subjects. Each subject was asked to provide the end points of an interval
for each word on the scale 0-10. The 32 words can be grouped into three classes: small-sounding words (little,
low amount, somewhat small, a smidgen, none to very little, very small, very little, teeny-weeny, small amount and
tiny), medium-sounding words (fair amount, modest amount, moderate amount, medium, good amount, a bit, some
to moderate and some), and large-sounding words (sizeable, large, quite a bit, humongous amount, very large,
extreme amount, considerable amount, a lot, very sizeable, high amount, maximum amount, very high amount and

substantial amount). The real survey data for the 32 words are available online [1].



Liu and Mendel’s interval approach for word modeling [9] was used to map these data intervals into FOUs.
After some pre-processing, during which some intervals (e.g., outliers) are eliminated, the collection of remaining
intervals is classified as either an interior, left-shoulder or right-shoulder IT2 FS. Then, each of the data intervals is
individually mapped into its respective T1 interior, left-shoulder or right-shoulder MF, after which the union of all
of these T1 MFs is taken, and the union is upper and lower bounded. The result is an FOU for an IT2 FS, which
is completely described by these lower and upper bounds, called the lower membership function (LMF) and the

upper membership function (UMF), respectively. The 32 word FOUs are obtained in Fig. 3.

III. RANKING METHODS FOR IT2 FSs

Though there are at least 29 different methods for ranking type-1 fuzzy numbers [24], [25] in the literature, to
the best knowledge of the author, only one method on ranking IT2 FSs has been published by Mitchell [21]. We

will introduce Mitchell’s method, point out its limitations, and also propose a new ranking method for IT2 FSs.

A. Mitchell’s Method for Ranking IT2 FSs

Mitchell [21] proposed a ranking method for general type-2 FSs. When specified to IT2 FSs, the procedure is:

1) Discretize the primary variable’s universe of discourse, X, into L points, that are used by all A;.
2) Find H embedded T1 FSs, A;”h, m=1,...,M, h=1,..., H, for each of the M IT2 FSs Am randomly:

HAmn (:L‘l) = T‘mh(l‘l) X [ﬂAm (l‘l) - H[lm(xl)] +H[lm(xl) [=1,2,...,L 2)

where 7y, (2) is a random number chosen uniformly in [0,1], and p; (2;) and fiz (z;) are the lower and

upper memberships of A, at 2.

3) Form the HM different combinations of (AL A2h ... AMM), =1 ... HM.
4) Use a T1 FS ranking method (the centroids are used in this study) to rank each of the MH (Alh A2k AMPI),
Denote the rank of A¢, in (A", A2 ... AMN); as 1y,

5) Compute the final rank of flm as

1 HIW
rm:HM;rmi, m=1,....M 3)
1=

Observe from the above procedure that:

1) The output ranking, 7,,, is a crisp number; however, usually it is not an integer. We need to sort these 7,
(m=1,..., M) again to find the correct ranking.

2) A total of HM T1 FS rankings must be evaluated before r,, can be computed. For our problem, where 32
IT2 FSs have to be ranked, even H is chosen as a small number 2, we have to evaluate 232 = 4.295 x 10?
T1 FS rankings, each of which involves 32 T1 FSs. This is highly impractical. Though two fast algorithms
are proposed in [21], because our FOUs have lots of overlap, the computational cost cannot be reduced
significantly.

3) Because there are random numbers involved, r,, may change from experiment to experiment. When H is large,
some kind of stochastic convergence can be expected to occur (e.g., convergence in probability); however, as

mentioned above, the computational cost is prohibitive.
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The 32 word FOUs ranked by their centers of centroid. To read this figure, scan from left to right starting at the top of the page.
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B. A New Centroid-Based Ranking Method

Because the high computational cost for Mitchell’s IT2 FS ranking method makes it impractical to use, a simple
ranking method based on the centroids of IT2 FSs is proposed in this subsection.

Definition 1: [16] The centroid C' ([1) of an IT2 FS A is the union of the centroids of all its embedded T1 FSs
A, ie.,

C(A) = [ e(Ae) = [a(A), e, (A)], “4)

where | is the union operation, and -
a(A) = mine(4.) )
er(A) = maxe(Ae) (6)

L
Zi:1 zipa, (i)

c(Ae) = . (7
i pa, (i)
It has been shown [7], [15], [16] that cl(fl) and cr(fi) can be expressed as
a(A) = Lo B30 + i 7it () 8)
S Ba(w) + 0 g ()
~ [ i)+ J\i it 5 (x5
er(A) = Z =17Ti NA($ )+ 2 i—pp Tilt (@ ) )

> pg(@i) + il g Bali)
Switch points L and R, as well as ¢;(A) and ¢, (A), are computed by using the iterative KM Algorithms [7], [16],
[28].

In the new centroid-based ranking method, we first compute the average centroid for each IT2 FS A;,
Cl(lei) + Cr(lei)

(10)

and then sort ¢z to obtain the rank of fL-.

C. Comparative Studies

The ranking of the 32 word FOUs using the centroid-based method has been presented in Fig. 3. Observe that
1) The four smallest terms are left shoulders, the six largest terms are right shoulders, and the terms in-between
have interior FOUs. This order is intuitive.
2) Visual examination shows that the ranking is reasonable, and it also coincides with the meanings of the words.
Because it is computationally prohibitive to rank all 32 words in one pass using Mitchell’s method, we partitioned
the 32 words into four groups, each with eight words, and then ranked each group individually. H = 3 was used.
The results are shown in Fig. 4. Words which have different rank than that in Fig. 3 are shaded in red. Observe
that
1) 14 words are in different order than that in Fig. 3. More words in different orders are expected if we rank
the 32 words in one pass using Mitchell’s method.
2) The natural transition from left shoulders to interior FOUs and then to right shoulders is destroyed. “Very
large” is smaller than “large,” which is counter-intuitive.
In summary, the centroid-based ranking method for IT2 FSs seems to be a better choice than Mitchell’s method

in CWW. We shall have more to say about the centroid-based ranking method in Section I'V.



Teeny—-weeny

Tiny

h

Little

In\

Some to moderate

/ A\

M odest amount

A

Quite abit

e

Very sizeable

B

Huge amount

AN

None to very little

A

Very little

Small

A

Some

A

Good amount

/ A\

Considerable amount

.\

Very large

A

Humongous amount

A

Fig. 4. Ranking of the 32 word FOUs using Mitchell’s method.

A smidgen Very small
A bit Low amount
(a)
Somewhat small M oderate amount
Fair amount Medium
/ /\\ /4\
(b)
Sizeable A lot
High amount Substantial amount

/N

©

A

Extreme amount

Very high amount

4

M aximum amount

|

(d)




IV. SIMILARITY MEASURES

In this section, we briefly introduce five existing similarity measures [2], [4], [20], [31], [34] for IT2 FSs and
then propose a new similarity measure with reduced computational cost. Their performance will also be compared.
The following four properties [31] will serve as criteria in the comparison:

1) Reflexivity: s(A,B) =1« A= B.

2) Symmetry: s(A, B) = s(B, A).

3) Transitivity: (a) If A, B and C are of the same shape and ¢(A) < ¢(B) < ¢(C) [see the definition of ¢(A) in

(10)], then s(A, B) > s(A,C) >0, or s(A, B) = s(A,C) = 0. (b) If ¢(A) = ¢(B) = ¢(C) and A < B < C,
then s(A, B) > s(A,C).
4) Overlap: If AN B # 0, then s(A, B) > 0.

A. Mitchell’s IT2 FS Similarity Measure

Mitchell was the first to define a similarity measure for general T2 FSs [20]. For the purpose of this paper, only
its special case is explained, when both A and B are IT2 FSs:

(1) Discretize the primary variable’s universe of discourse, X, into L points, that are used by both A and B.
(2) Find M embedded T1 FSs for IT2 FS A (m=12,...,M), ie.

IU’AZL('IZ) = T‘m(CL‘l) X [HA(:EZ) _Hﬁ(xl)] +HA('TZ) l= ]-a 2a v aL (11)

where 7, (2;) is a random number chosen uniformly in [0, 1], and g ;(z;) and 7z 5 (z;) are the lower and upper
memberships of A at ;.
(3) Similarly, find N embedded T1 MFs, pp» (n=1,2,...,N), for IT2 FS B, ie.,

pir (@) = ra(z) X [Bp(z) — pple)] +pg(z) 1=1,2,...,L (12)

(4) Compute an IT2 FS similarity measure s,, ([1, B) as an average of T1 FS similarity measures s, that are
computed for all of the M N combinations of the embedded T1 FSs for A and B, ie.,

s, (A, B) = ML Z Zsmn, (13)

m=1n=1

where
Smn = s(AL, A7) (14)

and s,,, can be any T1 FS similarity measure. Jaccard’s similarity measure [6] is used in this study.
Mitchell’s IT2 FS similarity measure has the following problems:

1) It does not satisfy reflexivity, i.e., s,, (A, B) # 1 when A = B because the randomly generated embedded
T1 FSs from A and B cannot always be the same.

2) It does not satisfy symmetry because of the random numbers.

3) s, ([l, B ) may change from experiment to experiment. When both M and N are large, some kind of stochastic
convergence can be expected to occur (e.g., convergence in probability); however, the computational cost is

heavy because the computation of (13) requires direct enumeration of all M N embedded T1 FSs.



B. Gorzalczany’s IT2 FS Compatibility Measure
Gorzalczany [4] defined the degree of compatibility, SG(A, B), between two IT2 FSs A and B as

max{min(p ;(2), pg(2))} max{min(z;(e), ip(x))}

SG(Aaé): min ’ T~
max p (<) max 7 5(z)
mas{min(p 4 (), (1))} mae{min(7 5 (2), 75 ()}
max @ , (@) . (15)
A bl
Gorzalczany’s compatibility measure also does not satisfy reflexivity. It can be shown [31] that as long as
Ixnea))((ﬁg(.ﬁ) = glea)%cﬁé(x) and max fi(x) = max BEJ:)N, no rnattier EIOW different the shapes of A and B are,
Gorzalczany’s compatibility measure always gives s, (A, B) = s, (B, A) = [1, 1], which is counter-intuitive.

C. Bustince’s IT2 FS Similarity Measure
Bustince’s interval-valued normal similarity measure [2] is defined as
(16)

5. (A B) = [s.(A B), su(A, B)

where
sp(A,B) = YL(A,B)x Y1(B, A) (17)
and
su(A,B) = Yy(A, B) « Yy (B, A), (18)
* can be any ¢-norm (e.g., minimum), and [TL(/I, B), Tu(A, B)] is an interval valued inclusion grade indicator
[2]of Ain B. T L(fl, B) and TU(A, B) used in this study (and taken from [2]) are computed as
To(A, B) = inf {1 min(1 = 1;(x) + (o). 1 - Fgla) + Fg()) | (19)
fp(@) } (20)

Tu(A,B) = int {1 max(l = p3(@) +p(0) 1 = Tig(e) + 7
Bustince’s similarity measure does not satisfy transitivity (a), i.e., when A, B and C are of the same shape and

c(A) < ¢(B) < ¢(0), s,(A,B) =s,(A,C) > 0 [31].

D. Zeng and Li’s IT2 FS Similarity Measure
Zeng and Li [34] proposed the following similarity measure for IT2 FSs if the universes of discourse of A and

B are discrete: "
52 (A B) = 1= o5 (I gai) — ) |+ 4 0) — )] @
i=1
and, if the universes of discourse of A and B are continuous in [a, b,
(22)

o b
(A B) =1 = o [ (@) = (e + (@) ~7ip(a)]) da

Zeng and Li’s similarity measure also does not satisfy transitivity (a) [31]. When A, B and C are of the same

shape and ¢(A) < ¢(B) < ¢(C), s,(A,B) =s,(A,C) > 0or s,(A B) < s,(A,QC).



E. The Vector Similarity Measure

Recently Wu and Mendel [31] proposed a vector similarity measure (VSM), which has two components:
L. L. - . \T
su(4,B) = (s1(4, B). s2(4, B)) (23)

where s1(A, B) € [0,1] is a similarity measure on the shapes of A and B, and sy(A, B) € [0,1] is a similarity
measure on the proximity of A and B.

To compute s1(A, B), we first compute their centers of centroid, ¢(A) and ¢(B), and then move B to B’ so that
c(A) = ¢(B'). s1(A, B) is then computed as the ratio of the average cardinalities [see (34)] of ANB’ and AU B/,

s1(A,B) = p({l N B;/)
p(AUB)
_ p(Ez(x) N g () + plpg(2) N pg ()
- p(Ez(x) UTig (2) + plp () U pg, (2)
 Jxmin(zz(2), B (2))de + [ min(p;(2), pg, (x))de o
Jx max(fi4(), fig (x))d + [ max(p;(2), pg, ())dx’

o
o
o

Observe that when all uncertainty disappears, A an ecome T1 FSs A and B, and (24) reduces to Jaccard’s
similarity measure.

so(A, B) measures the proximity of A and B, and is defined as
s2(A, B) = e U4 (25)

where 7 is a positive constant. 52(/1, B) is chosen as an exponential function because we believe the similarity
between two FSs should decrease rapidly as the distance between them increases.

A scalar similarity measure can be computed from the VSM as
SS(A,B) = 31(121, B) x SQ(A,B) (26)

SS(A, B) satisfies all four properties [31]; however, its computational cost is high, e.g., centroids of A and B need
to be computed before s,(A, B) and s5(A, B) can be obtained.

F. Jaccard’s Similarity Measure for IT2 FSs

A new similarity measure, which is an extension of Jaccard’s similarity measure for T1 FSs, is proposed in this
subsection. It is motivated by (24): if we compute p(A N B)/p(A U B) directly instead of p(A N B')/p(AU B'),
then we utilize both shape and proximity information simultaneously without computing the centroids and aligning
A and B. The new similarity measure is hence defined as
p(ANB)  [xmin(f;(z)
p(AUB) [y max(fig(z)

(2))dz + [ min(p ;(2), pg(x))de

s,(4,B) = (@))de + [y max(p (@), pg(x))de’

B5 27)
s



G. Comparative Studies

The similarities among the 32 word FOUs computed using the above six measures are shown in Tables I-VI,

respectively. Observe that:

1) Generally Mitchell’s method gives s,, (4, A) < 1 (see the diagonal terms in Table I), except for the special
case that A is a T1 FS (see the (31,31)th term in Table I). Also, because s,, (A, B) # s,,(B, A), the matrix
is not symmetric.

LR INT3

2) Gorzalczany’s method indicates “very large,” “humongous amount,” “huge amount,” “very high amount,”
“extreme amount” and “maximum amount” are equivalent (see the block of ones at the bottom-right corner
of Table II), which is counter-intuitive.

3) The second column of Table III shows that as a word becomes larger, its similarity to “teeny-weeny” does
not decrease monotonically as computed by Bustince’s similarity measure, which is counter-intuitive.

4) Zeng and Li’s method gives large similarity whether A and B overlap or not (see Table IV), and the similarity
may increase as two words get further away from each other, which is again counter-intuitive.

5) The VSM gives much more reasonable results (see Table V). Generally the similarity decreases monotonically
as two words gets further away. This phenomena also indicates that the centroid-based ranking method is
reasonable. However, observe that some diagonal terms are 0.99 instead of 1 because of the errors in computing
the centroid and aligning the FSs.

6) Jaccard’s similarity measure gives similar results as the VSM, but they are more accurate (e.g., the diagonal
terms in Table VI are all 1). Also, simulations show that Jaccard’s method is about 3.5 times faster than the
VSM.

7) Except for Mitchell’s method, all other similarity measures indicate that “sizable” and “quite a bit” are

equivalent, and “high amount” and “substantial amount” are equivalent.

In summary, Jaccard’s similarity measure seems to be the best for CWW.

It is also interesting to connect similarity measures to ranking methods. Because the terms in Table VI are ranked
in ascending order according to the centroid-based ranking method, we would expect a monotonic increase in the
similarity as the rankings of two terms get closer, e.g., the similarity between the ith term and the jth term should
increase as |i — j| decreases. Observe from Table VI that the above conjecture is true for most cases; however, there
are some counterexamples, e.g., the similarity between “a smidgen” and “teeny-weeny” is smaller than that between
“none to very little” and “teeny-weeny.” This may suggest that we should swap the positions of “a smidgen” and
“none to very little;” however, the swap cannot solve the problem completely, e.g., after the swap, the similarities
between them and “very little” become a counterexample. For the 32 terms used in this report, it is impossible
to make the ranking completely coincide with the similarities; so, for simplicity, we stick to the centroid-based

ranking method and do not fine-tune it using a similarity measure.

V. UNCERTAINTY MEASURES

Wu and Mendel [29] proposed five uncertainty measures for IT2 FSs: centroid, cardinality, fuzziness, variance
and skewness; however, an open problem is which one to use. In this section, we will try to answer this question by
distinguishing between two types of uncertainties [23], intra-personal uncertainty and inter-personal uncertainty,

and studying which uncertainty measure best captures both of them.



SIMILARITY MATRIX WHEN MITCHELL’S SIMILARITY MEASURE IS USED.

TABLE 1

T 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32
T. Teeny-weeny 5450 5039 35 31 12.14 11 .12.06 0402 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2. A smidgen 50 .65 .60 .53 .40 .35 .19 .19 .16 .17.10 .08 .04 0 02 0 0 0 0 0 0 0 0 0 0 0 0 0 0 O O O
3. None to very litle  |.50 .62 .60 .51 .39 .37 .19 .20 .17 .17.10 .07 .04 0 02 0 0 0 0 0 0 0 0 0 0 0 O 0 0 0 0 0
4. Tiny 37 .54 .50 .61 .37 .33 .30 .31.29.29 .19 .14 .09 .04 .06 0 0 01 0 0 0 0 0 0 0 0 0 0 0 O O O
5. Very little 35 .41 .40 37 .55 .54 26 .26 21 .20.11.08.03 0 01 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 O O
6. Very small 31.35.36.32.54.61.27.26.22.21.11.08.03 0.0 0 00 000000 O0O0O0O0O0O0 0 0
7. A bit 11.19 .20 31 .26 .27 .70 46 51 41 .30 .18 .10 .03.06 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 O O
8. Low amount 1320 .20 31 .25 .26 47 .55 54 53 .39 26 .18 .10.12.03.02.02 0 0 0 0 0 0 0 0 0 0 0 0 O O
9. Little 10 .16 .16 29 .20 .22 .50 .54 58 .53 42 28 .19 .11 .13.03.03.02 0 0 0 0 0 0 0 0 0 0 0 0O O O
10. Small 12 .17 .17 28 20 21 42 .54 53 .55 .45 30 .20 .12.14.03.03.03 0 0 0 0 0 0 0 0 0 0 0 O O O
11. Somewhat small 06 .10 .10 .19 .11 .11 .30 .40 43 45 54 39 31 21 22.10.09.07.02.02.02 0 0 0 0 0 0 0 0 0O 0 0
12. Some .04 .07 .08 .14 .08 .08 .18 .27 .28 .30 .40 .53 49 41 .42 24 28 21 .14 .14 .14 .07 .07 07 .07.05 0 0 01 0 0 0
13. Some to moderate  |.02 .04 .04 .09 .03 .04 .10 .18 .18 .20 .31 .49 .54 47 .49 30 .36 .26 .17 .17 .16 .09 .08 .08 .09 .06 .01 .01 .01 .01 0 O
14. Moderate amount |0 0 0 .04 0 0 .03.10.11 .12 21 .40 .48 .55 48 38 .41 .27 .18 .17 .17.09 .08 .09.09.06 0 0 0 0 0 0
15. Fair amount 0 .02 .02 .06 .01 .01 .06 .12 .12 .14 22 43 .49 .49 .54 33 39 34 24 24 24 .13 .13 .13 .13 .09 .02 .02 .02.02 0 0
16. Medium 00 0 0 0 0 0 .03.03.03.11.26.31.37.34 .51 .47 .24 .15.15.15.05.06.05.05.03 0 0 0 0 0 0
17. Modest amount 00 0 0 0 0 0 .02.03.03.10.28.36.43 .40 48 .56 .30 .21 .21 .20 .09 .09 .09.09.05 0 0 0 0 0 0
18. Good amount 0 0 0.0 0 0 0.02.02.03.07.21.25.27.33.24 .30 .53 .50 .49 .48 .35 .36 .37 .34 .31 .10 .09 .10 .09 .03 .02
19. Sizeable 00 00000 0 0 0 .02.14.17.18 23 .15 .21 .50 .57 .59 .55 .43 41 .42 .40 .37 .10 .10 .10 .09 .02 .02
20. Quite a bit 000 0 00 0 0 0 0.02.14.17.18.25.15 21 .49 58 .57 .54 .42 44 .42 40 .38 .10 .09 .09 .09 .03 .02
21. Considerable amount) 0 0 0 0 0 0 0 0 0 0 .02.13.17.18 23 .15 20 .47 .53 .53 .53 .45 45 45 .43 40 .13 .12 .12 .11 .04 .03
22. A lot 000 00000 0 0 0.07.09.0.13.06.00.36.43 43 .44 57 .57 58 .53 .52 .20 .19 .20 .18 .09 .06
23. High amount 000 00000 0 0 0.07.09.08.12.05.09.36.42 .42 .45 58 .59 59 .56 .55 .21 .19 .21 .18 .08 .06
24. Substantial amount |0 0 0 0 0 0 0 0 0 0 0 .07.09.09.13.06.09 .37 .43 .41 .45 58 .59 .60 .55 .54 .21 .19 .20 .19 .09 .06
25. Very sizeable 000 00000 0 0 0 .07.08.0.12.06.09.35.40 40 41 .54 .56 .57 .54 .51 23 .20 .21 .20 .10 .07
26. Large 000 00000 0 0 0.05.06.06.10.03.05.31.37.37.39 .53 .54 .54 .51 .60 .20 .20 .19 .18 .06 .04
27. Very large 000 000 O0O0O OO0 O0 0.00.20 0.10.10.10.12.20 .21 .21 24 .19 .76 .57 .64 .66 .61 .39
28. Humongous amount |0 0 0 0 0 0 0 0 0 0 0 .01.01 0 .02 0 0 .09.10.09 .12 .19 .20 .19 .21 .19 .57 .57 .58 .58 .51 .44
29. Huge amount 000 0000 O0O0 0 0.1.000.20 0 .10.10.10.13.20.20 .20 .22 .18 .64 .58 .62 .64 .57 .46
30. Very highamount [0 0 0 0 0 0 0 0 O O O O .0l 0 .02 0 O .09.09.10 .11 .18 .19 .19 .21 .18 .64 .58 .64 .67 .61 .47
31. Extreme amount 000 0O0O0O0O0O 0O O0O0O0O0O0 0 0 0.03.03.02.04..09.09.10.06.61.51.5.60 1 .65
32. Maximum amount |0 0 0 0 0 0O 0 0 O 0 0 0 0 0O 0 O 0 .02.02.02.03.06.06.06.07 .05 .40 43 45 47 .65 .69
TABLE II
SIMILARITY MATRIX WHEN GORZALCZANY’S SIMILARITY MEASURE IS USED.

T 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32
T. Teeny-weeny T 08 98 .96 42 37 25 31 27 29 21 20 11 0 05 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2. A smidgen 98 1 1 1 53.4931.3632332725.17.05.110 0 0 0 0 0 00 0000000 00
3. None to very litle |98 1 1 1 .44 .41 30.35.3233.2624.17.05.11 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
4. Tiny 96 1 1 1 .56.53.37.41.38.39.33.31.24.16.19.03.03.06 0 0 0 0 0 0 0 0 0 00 0 0 0
5. Very little A2 64 .44 67 .99 .99 52 .50 44 45 .3530.19.02.11 0 0 0 0 0 0 0 0 0 0 0O O 0 0 O O O
6. Very small 37 .55 .41 .58 .85.99 .60 .50 45 45 .35.30.19.02.11 0 0 0 0 0 0 0 0 0 0 0 O 0 0 O O O
7. A bit 25313037 4857 1 .78 .85.64.50.42.31.1923 0 0 030 0 0 0 0 0 0 0 0 0 0 0 0 O
8. Low amount 31 .36 .35 .41 .50 .50 .99 .99 .99 .72 .50 .50 .39 .31 32 .15.15.15.02.02.02 0 0 0 0 0 0 0 0 0 O O
9. Little 27 32 .32 38 44 45 99 .89 .99 .70 .50 .50 .39 31 32.15.15.14.03.03.03 0 0 0 0 0 0 0 0 0 O O
10. Small 29 .33 .33 .39 .45 45 76 .73 .76 1 .75 .50 44 35 36 .18 .18 .16 .03.03.03 0 0 0 0 0 0 0 0 0 0 0
11. Somewhat small ~ |.21 27 .26 .33 .35 .35 .50 .50 .50 .76 1 .62 .50 44 42 31 .31 .25.15.15.14 .03.02.02.02 0 0 0 0 0 0 O
12. Some 20 25 .24 31 .30 .30 .42 .50 .50 .50 .63 .99 .55 .50 .50 .50 .50 .41 .35 .35 .35 .26 .26 .26 .26 .21 .06 .06 .06 .06 0 0
13. Some to moderate |.11 .17 .17 24 .19 .19 .31 .39 .39 .44 50 .54 .99 .93 .69 .70 .69 .45 .39 .39 .39 28 28 .28 .28 24 .07 .07 .07 .07 0 0
14. Moderate amount | 0 .05 .05 .16 .02 .02 .19 .31 31 .35 .44 .50 .91 1 .73 .73 .73 45 38 38 .38 .27 27 .27 27 22 .05 .05 .05 .05 0 0
15. Fair amount 05 .11 .11 .19 .11 .11 23 .32 32 36 .42 .50 .66 .71 .99 74 .99 .50 45 45 45 34 34 34 34 29 .12 .12.12.12 0 0
16. Medium 0 0 0.030 0 0 .15.15.18.31.50.76.82.87 1 .88 .44 .36 36.36.2222.2222.14 0 0 0 0 0 0
17. Modest amount 0 0 0.30 0 0 .15.15.18.31.50 .66 .70 .98 .75 .99 .50 .43 43 43 28 29.292922 0 0 0 0 0 0
18. Good amount 0 0 0.060 0 .03.15.14.16.25 .41 .45 45.50 .44 .50 1 1 1 .81 .56.50 .50 .50 .50 .30 .27 .29 .27 .16 .16
19. Sizeable 00 0 0 0 0 0 .02.03.03.15.35.39.38.45.36.43.85 1 1 .88 .69.65.65.50 .58 .29 .26 .28 .26 .14 .14
20. Quite a bit 00 0 0 0 0 0 .02.03.03.15.35.39.38.45.36.43.85 1 1 .88 .69.65.65.50 .58 .29 .26 .28 .26 .14 .14
21. Considerable amount) 0 0 0 0 0 0 0 .02.03.03.14 35.39 38 45 .36 43 .79 1 1 1 .75.70 .70 .50 .60 .33 .29 .31 .29 .18 .18
22. A lot 000 00 0 0 0 0 0 .03.26.28.27.34.22.28.54.69.69.69.99.97.97.77 .93 .42 35 .37 35 .29 25
23. High amount 000 0 0 0 0 0 0 0.02.26.28.27.34.22.29.50.64.64.64.92 1 1 .85.99.55.35.37 .35 41 .25
24. Substantial amount |0 0 0 0 0 0 O 0 0 O .02.26.28 27 34 .22 29 50 .64 .64 .64 92 1 1 .85 .99 .55 35 .37 .35 41 .25
25. Very sizeable 000 0 00 0 0 0 0.02.26.28.27.34.22.29.50.50.50 .50 .84 .99 .99 99 .99 .64 37 .40 .37 .50 .27
26. Large 000 00000 0 0 0 .21.24.22.29.14.22.50.57.57.56 .86 .95 .95 .83 .99 51 32 34 32 35 .19
27. Very large 000 0000 OO0 O0 0.06.0705.120 0.3029029334147.475144 1 1 1 1 1 1
28. Humongous amount |0 0 0 0 0 0 0 0 0 0 0 06.07.05.12 0 0 27.2626.2935353537.32 1 1 1 1 1 1
29. Huge amount 000 00 O0O0O0O OO0 O0.06.0705.1200.228233737374034 1 1 1 1 1 1
30. Very highamount |0 0 0 0 0 0 0 0 O 0 0 .06.07.05.12 0 0 27.2626.293535353732 1 1 1 1 1 1
31. Extreme amount 000 0O0O0O0O0®OO0O0OO0O0O0O0 0.16.14.14.1827.333336.281 1 1 1 1 1
32. Maximum amount |0 0 0 O 0 0 0 0 0 0 0 O 0 0O O O 0 .16.14.14.18.25252527.19 1 1 1 1 1 1




TABLE III
SIMILARITY MATRIX WHEN BUSTINCE’S SIMILARITY MEASURE IS USED.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32
1. Teeny-weeny 1 .52 .62 .49 .01 .01 .03 .06 .06 .06 .08 .13 .13 .13 .14 .11 .12 .16 .16 .16 .16 .17 .17 .17 .17 .16 O .06 .01 0 O .03
2. A smidgen 5217980 0 0 0 0 0O0 0000 0O O O O0OO0OO0OO0OO0OOUOOOTOO0OO0OO0ODO
3. None to very little 6279 1 .75 0 0 0 0 0O O O .02.02.02.02.01.01.03.03.03.03.03.03.03.03.03 0 .03.01 0 0 .03
4. Tiny 4982751 0 0 OO OOOOOOOOOOOOO0OO0OO0OO0OOO0OO0OO0OO0OO0OO0O0
5. Very little 01 0 0 0 1 .74 .23 .29 .24 .30 .30 .30 .30 .30 .30 .30 .29 .30 .26 .26 .30 .27 .24 24 31 22 0 .06 .01 O O .03
6. Very small 01 0 0 0 .74 1 .32.29.22 .26 .21 .21 .21 .22 .21 .21 22 21 22 .22 .21 .23 .23 .23 .23.21 0 .06.01 0 O .03
7. A bit 03 0 0 0 .23.32 1 .72.72 .48 31 .27 .14 .14 .14 .14 .13 .14 .13 .13 .14 .14 .14 .14 .14 .14 0 .06 .01 0 O .03
8. Low amount 06 0 0 0 .29.29.72 1 .87.75.60 .32 .29 .29 .30 .29 .29 .29 .26 .26 .29 .27 24 24 30 22 0 .06 .01 0 O .03
9. Little 06 0 0 0 24 .22.72 87 1 .71 .58 .30 .24 24 25 24 24 24 24 24 24 24 23 23 .24 .22 0 .06.01 0 O .03
10. Small 06 0 0 0 .30.26 48.75.71 1 .73 .33 .30 .30 .30 .30 .29 .30 .26 .26 .30 .27 .24 24 30 22 0 .06 .01 0 O .03
11. Somewhat small .08 0 0 O .30 .21 .31 .60 .58 .73 1 .51 .35 .31 .30 .32 .29 31 .26 .26 .31 .27 24 24 31 22 0 .06 .01 0 O .03
12. Some 13 0 .02 0 .30 .21 .27 .32 .30 .33 51 1 .74 .44 .55 .33 .33 .33 .26 .26 .32 .27 23 23 32 .22 0 .06 .01 0 O .03
13. Some to moderate 13 0 .02 0 .30 .21 .14 .29 .24 .30 .35 .74 1 .76 .74 .38 .38 .33 .26 .26 .32 .26 24 24 31 .22 0 .05.01 0 0O .02
14. Moderate amount 13 0 .02 0 .30 .22 .14 .29 .24 .30 .31 44 .76 1 .74 .52 .52 .31 .26 .26 31 27 24 24 32.22 0 04 0 0 O .02
15. Fair amount .14 0 .02 0 .30 .21 .14 .30 .25 .30 .30 .55 .74 .74 1 .54 .62 .44 26 .26 .30 .27 24 24 30 .22 0 .05.01 0 O .02
16. Medium .11 0 .01 0 .30 .21 .14 .29 .24 30 .32 .33 .38 .52 .54 1 .75 33 .26 .26 .32 .27 24 24 31 .22 0 03 0 O 0O .01
17. Modest amount 12 0 .01 0 .29 .22 .13 .29 .24 29 .29 33 38 .52 .62 .75 1 .33 .26 .26 29 27 24 24 29 .22 0 03 0 0 O .01
18. Good amount 16 0 .03 0 .30 .21 .14 .29 .24 30 .31 .33 33 31 44 33 33 1 .79.79.76 48 43 43 4332 0 0 0 O O O
19. Sizeable 16 0 .03 0 .26 .22 .13 .26 .24 .26 .26 .26 .26 .26 .26 .26 26 .79 1 1 .84 .59 55 .55 .46 42 0 02 0 0 0 O
20. Quite a bit 16 0 .03 0 .26 .22 .13 .26 .24 .26 .26 .26 .26 .26 .26 .26 26 .79 1 1 .84 59 55 .55 .46 42 0 02 0 0 O O
21. Considerable amount|.16 0 .03 0 .30 .21 .14 .29 .24 .30 .31 .32 .32 .31 .30 .32 .29 .76 .84 .84 1 .66 .59 59 57 .50 0 .02 0 O O O
22. A lot 17 0 .03 0 .27 .23 .14 27 24 27 27 27 .26 .27 .27 27 27 48 59 59 .66 1 .88 88 .69 .83 0 01 0 O O O
23. High amount 17 0 .03 0 24 .23 .14 24 23 24 24 23 24 24 24 24 24 43 5555598 1 1 748 0 01 0 0 0 O
24. Substantial amount |.17 0 .03 0 .24 .23 .14 .24 23 24 24 23 24 24 24 24 24 43 5555598 1 1 748 0 01 0 0 0 O
25. Very sizeable 17 0 .03 0 .31 .23 .14 .30 .24 .30 .31 .32 .31 .32 .30 .31 .29 43 46 46 57 69 .74.74 1 75 0 01 0 0 O O
26. Large 16 0 .03 0 22 .21 .14 .22 .22 .22 22 22 .22 .22 .22 .22 .22 32 .42 42508388 .75 1 0 0 0 0 0 O
27. Very large o0 0O0OOOO0OO0OO0OO0OTOOTOTOTOTOTOTO OO OO OTO OO OO0 O0 1 .49.64.65.68.40
28. Humongous amount [.06 0 .03 0 .06 .06 .06 .06 .06 .06 .06 .06 .05 .04 .05 .03 .03 0 .02 .02 .02 .01 .01 .01 .01 0 49 1 .69 .68 .57 .73
29. Huge amount .01 0 .01 0 .01 .01.01.01.01.001.00 0000 0010 OTOOOOOOUO O O .64.691 .89.68.58
30. Very high amount o o00o0O0OO0OO0OO0OOOOTOOOOOTOOTOTOTUOTOTUOTUO0OO0 0 .65.68.8 1 .73.62
31. Extreme amount o 00 0O0OO0OO0ODO0OO0ODO0OO0OO0OO0O0TU0TU0TO0TO0OO0OTUO0TOOTOTUO0OTO0OO0O.68.57.68.731 .62
32. Maximum amount |[.03 0 .03 0 .03 .03 .03 .03 .03 .03 .03 .03 .02.02.02.01.00 0 0 0 0 0 O O O O .40.73 .58 .62 .62 1

TABLE 1V
SIMILARITY MATRIX WHEN ZENG AND LI’S SIMILARITY MEASURE IS USED.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32
1. Teeny-weeny 1 .88 .91 .83 .76 .72 .62 .68 .66 .65 .65 .64 .65 .69 .67 .77 .74 772 .75 .75 775 .79 .78 .78 .79 .81 .83 .87 .86 .86 .88 .90
2. A smidgen 88 1 .97 91 .80 .76 .61 .68 .65 .65 .64 .63 .63 .65 .64 .72 .70 .68 .72 .72 .72 .75 .75 .75 .75 .78 .80 .84 .83 .83 .85 .87
3. None to very little 91 .97 1 .89 .81 .77 .63 .69 .67 .66 .65 .64 .64 .66 .65 .74 .71 .69 .73 .73 .73 .76 .76 .76 .76 .79 .81 .85 .83 .84 .85 .88
4. Tiny .83 .91 .89 1 .83 .80 .71 .74 .71 .71 .68 .66 .64 .64 .64 .68 .65 .65 .68 .68 .68 .72 .71 .71 .72 .74 .77 .80 .79 .79 .81 .84
5. Very little .76 .80 .81 .83 1 .93 .66 .73 .69 .69 .66 .64 .64 .66 .64 .73 .71 .69 .72 .72 .72 .76 .75 .75 .76 .78 .81 .84 .83 .83 .85 .88
6. Very small 72 .76 777 .80 93 1 .67 .74 .69 .70 .66 .64 .64 .66 .64 .73 .71 .69 .72 .72 .73 .76 .76 .76 .76 .78 .81 .85 .83 .84 .85 .88
7. A bit .62 .61 .63 .71 .66 .67 1 .83 .86 .78 .72 .68 .64 .62 .63 .66 .64 .64 .67 .67 .68 .71 .71 .71 .71 .74 .77 .81 .79 .79 81 .84
8. Low amount .68 .68 .69 .74 73 .74 83 1 .96 92 .82 .74 .69 .66 .66 .65 .63 .63 .64 .64 .65 .68 .68 .68 .68 .70 .73 .77 .76 .76 .78 .80
9. Little .66 .65 .67 .71 .69 .69 .86 96 1 .91 .83 .74 .69 .66 .66 .64 .62 .63 .64 .64 .65 .68 .68 .68 .68 .70 .73 .77 .76 .76 .78 .80
10. Small .65 .65 .66 .71 .69 .70 .78 92 91 1 .86 .76 .70 .66 .67 .64 .62 .63 .64 .64 .64 .68 .67 .67 .67 .70 .73 .76 .75 .75 .77 .19
11. Somewhat small .65 .64 .65 .68 .66 .66 .72 .82 83 86 1 .84 .76 .71 .71 .67 .64 .64 .62 .62 .63 .65 .64 .64 .65 .67 .70 .74 .73 .73 .75 .77
12. Some .64 .63 .64 .66 .64 .64 .68 .74 .74 76 84 1 .90 .85 .84 .78 .77 .69 .65 .65 .66 .63 .62 .62 .63 .62 .61 .65 .64 .64 .66 .68
13. Some to moderate  |.65 .63 .64 .64 .64 .64 .64 .69 .69 .70 .76 .90 1 .93 90 .81 .82 .73 .68 .68 .68 .64 .64 .64 .64 .64 .62 .66 .65 .65 .66 .69
14. Moderate amount .69 .65 .66 .64 .66 .66 .62 .66 .66 .66 .71 .85 .93 1 .91 .85 .86 .74 .68 .68 .68 .64 .63 .63 .64 .63 .62 .67 .65 .66 .67 .71
15. Fair amount .67 .64 .65 .64 .64 .64 .63 .66 .66 .67 .71 .84 90 91 1 .82 .86 .77 .71 .71 .72 .66 .66 .66 .66 .65 .61 .66 .64 .64 .65 .68
16. Medium 77 .72 774 .68 73 .73 .66 .65 .64 .64 .67 .78 .81 .85 .82 1 91 .75 .67 .67 .67 .64 .63 .63 .64 .64 .66 .72 .70 .70 .73 .77
17. Modest amount 74 770 71 .65 .71 .71 .64 .63 .62 .62 .64 .77 .82 .86 .86 91 1 .77 .68 .68 .69 .63 .62 .62 .62 .61 .61 .67 .65 .65 .68 .72
18. Good amount 72 .68 .69 .65 .69 .69 .64 .63 .63 .63 .64 .69 .73 .74 .77 .75 777 1 91 91 .91 .79 .78 .78 .79 .77 .61 .66 .64 .64 .60 .63
19. Sizeable 15 .72 773 .68 .72 .72 .67 .64 .64 .64 .62 .65 .68 .68 .71 .67 .68 91 1 1 .96 .81 .80 .80 .80 .76 .59 .64 .63 .62 .58 .62
20. Quite a bit 75 772 773 .68 .72 .72 .67 .64 .64 .64 .62 .65 .68 .68 .71 .67 .68 91 1 1 .96 .81 .80 .80 .80 .76 .59 .64 .63 .62 .58 .62
21. Considerable amount|.75 .72 .73 .68 .72 .73 .68 .65 .65 .64 .63 .66 .68 .68 .72 .67 .69 91 .96 .96 1 .84 .83 .83 .83 .80 .60 .66 .64 .64 .58 .63
22. A lot 719 775 776 72 776 .76 .71 .68 .68 .68 .65 .63 .64 .64 .66 .64 .63 .79 .81 .81 .84 1 .98 98 .95 .90 .63 .69 .67 .66 .58 .63
23. High amount 78 .75 776 71 .75 776 71 .68 .68 .67 .64 .62 .64 .63 .66 .63 .62 .78 .80 .80 .83 98 1 1 .96 .92 .62 .67 .66 .65 .57 .62
24. Substantial amount |.78 .75 .76 .71 .75 .76 .71 .68 .68 .67 .64 .62 .64 .63 .66 .63 .62 .78 .80 .80 .83 98 1 1 .96 .92 .62 .67 .66 .65 .57 .62
25. Very sizeable 79 .75 776 172 176 .76 .71 .68 .68 .67 .65 .63 .64 .64 .66 .64 .62 .79 .80 .80 .83 .95 96 96 1 .90 .65 .69 .68 .67 .59 .63
26. Large .81 .78 .79 .74 178 .78 .74 .70 .70 .70 .67 .62 .64 .63 .65 .64 .61 .77 .76 .76 .80 .90 92 92 90 1 .61 .67 .65 .64 .57 .62
27. Very large .83 .80 .81 .77 .81 .81 .77 .73 .73 .73 .70 .61 .62 .62 .61 .66 .61 .61 .59 .59 .60 .63 .62 .62 .65 .61 1 .86 .91 .90 .83 .74
28. Humongous amount |.87 .84 .85 .80 .84 .85 .81 .77 .77 .76 .74 .65 .66 .67 .66 .72 .67 .66 .64 .64 .66 .69 .67 .67 .69 .67 .86 1 .95 .96 .76 .85
29. Huge amount .86 .83 .83 .79 .83 .83 .79 .76 .76 .75 .73 .64 .65 .65 .64 .70 .65 .64 .63 .63 .64 .67 .66 .66 .68 .65 91 .95 1 .97 .77 .83
30. Very high amount 86 .83 .84 .79 .83 .84 .79 .76 .76 .75 .73 .64 .65 .66 .64 .70 .65 .64 .62 .62 .64 .66 .65 .65 .67 .64 90 96 97 1 .80 .84
31. Extreme amount 88 .85 .85 .81 .85 .85 .81 .78 .78 .77 .75 .66 .66 .67 .65 .73 .68 .60 .58 .58 .58 .58 .57 .57 .59 .57 83 .76 .77 .80 1 .81
32. Maximum amount |.90 .87 .88 .84 .88 .88 .84 .80 .80 .79 .77 .68 .69 .71 .68 .77 .72 .63 .62 .62 .63 .63 .62 .62 .63 .62 .74 .85 .83 .84 81 1




TABLE V

SIMILARITY MATRIX WHEN THE VSM [31] IS USED.

T 2 3 4 5 6 7 8 90 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32
I Teeny-weeny 99 65 64 32 34 31 .11.00.09 .07 .05 .04.02.01.020 0 0l 0 0 0 0 0 0000000 0 0
2. A smidgen 65 .99 91 .46 46 .40 .17 .14 .13 .11 .07 .05 .03.02.03 0 0 01 0 0 0 0 0 0 0 0 0 0 0O 0 0 O
3. None to very litde ~ [.64 .91 .99 47 .46 .40 .17 .14 .13 .11 .07 .05.03.02.03 0 0 .01 0 0 0 0 0 0 0 0 0 0 0 O 0 0
4. Tiny 32 46 47 .99 .59 49 30 .28 27 23 .14 .09 .06 .04 .05 .02 .02 .01 .01.01.01 0 0 0 0 0 0 0 0 0 0 O
5. Very litdle 34 .46 46 .59 1 .78 28 .19 .19 .15 .10 .06 .04 .03.03 0 .01 .01 0 0 0 0 0 0 0 0 0 0 0O 0 0 O
6. Very small 31 .40 40 49 78 1 28 .18 .18 .14 .09 .06 .04 .02.03 0 .01 .01 0 0 0 0 0 0 0 0 0 0 0 0 0 O
7. A bit 1117 17 30 .28 .28 .99 42 .44 33 .20 .10 .08 .05 .06 .01 .01 .02.01 .01.01 0 0 0 0 0 0 0 0 0 0 0
8. Low amount 09 .14 .14 28 .19 .18 42 1 .88 .77 .45 .21 .16 .11 .12 .05 .05 .04 .02 .02 .02 .01 .01 .01 .01 0 0 O 0 0 0 0
9. Little 09 .13 13 .27 .19 .18 44 88 1 .72 42 20 .15 .10 .11 .04 .04 .04 .02 .02 .02 .01 .01 .01 .01 0 0 0 0O 0 0 O
10. Small 07 .11 .11 23 .15 .14 33 77 .72 1 .55 25 .19 .14 .14 .05 .06 .05 .02 .02 .02 .01 .01 01 .01 0 0 0 0O 0 0 O
11. Somewhat small .05 .07 .07 .14 .10 .09 .20 .45 42 .55 1 .38 .29 23 .22 .10 .11 .07 .04 .04 .04 .02 .02 .02.02.00 0 0 0 0 0 0
12. Some 04 .05 .05 .09 .06 .06 .10 .21 20 25 38 1 .66 .43 47 .21 .23 20 .12 .12 .12 .07 .07 .07 .07 .05 .02 .02 .02 .02 .01 .01
13. Some to moderate  |.02 .03 .03 .06 .04 .04 .08 .16 .15 .19 .29 .66 1 .64 .69 .31 .34 .26 .16 .16 .17 .09 .09 .09 .09 .06 .02 .02 .02 .02 .01 .01
14. Moderate amount ~ |.01 .02 .02 .04 .03 .02 .05 .11 .10 .14 .23 43 .64 1 .71 .46 49 27 .18 .18 .18 .09 .09 .09 .09 .06 .02 .02 .02 .02 .01 .01
15. Fair amount 02 .03 .03 .05 .03 .03 .06 .12 .11 .14 22 47 .69 .71 1 .44 49 37 23 23 .24 .13 .13 .13 .13 .09 .03 .03 .03 .03 .01 .01
16. Medium 0 0 0.020 0 .01.05.04.05.10.21 31 46 44 1 .64 .19 .13 .13 .12 .06 .06 .06 .05 .04 .01 .01 .01 .01 0 O
17. Modest amount 0 0 0 .02.01.01.01.05.04.06.11.23.34.49 49 .64 1 .27 .19 .19 .18 .09 .09 .09 .09 .06 .01 .01 .01 .01 0 O
18. Good amount 01 .01 .01 .01 .01 .01 .02 .04 .04 .05 .07 20 .26 .27 37 .19 .27 1 .59 .59 .59 .32 .30 .30 .31 .22 .08 .07 .07 .06 .03 .03
19. Sizeable 0 0 0.0l 0 0 .01.02.02.02.04.12.16.18.23.13.19.59 1 1 .87 48 44 .44 45 31 .09 .08 .08 .07 .03 .03
20. Quite a bit 0 0 0 .00 0 0 .01.02.02.02.04.12.16.18.23.13.19 .59 1 1 .87 48 44 44 45 31 .09 .08 .08 .07 .03 .03
21. Considerable amount| 0 0 0 .01 0 0 .01 .02 .02.02.04 .12 .17 .18 24 .12 .18 .59 .87 .87 1 .49 45 45 47 32 .10 .08 .09 .08 .03 .03
22. A lot 00 0 0 0 0 0 .01.00.01.02.07.09.09.13.06.00.32 .48 48 49 1 .85 .85 .84 .63 .16 .14 .14 .13 .06 .05
23. High amount 00 0 0 0 0 0 .01.00.01.02.07.09.09.13.06.00.30 44 44 45 85 1 1 .94 .69 .18 .15 .16 .14 .06 .05
24. Substantial amount |0 0 0 0 0 0 0 .01 .01 .01.02.07.09.09.13.06 .09 30 44 44 45 .85 1 1 .94 .69 .18 .15 .16 .14 .06 .05
25. Very sizeable 00 0 0 0 0 0 .01.00.01.02.07.09.09.13.05.00.31 45 45 47 84 .94 94 1 .67 .17 .15 .15 .14 .06 .05
26. Large 00000000 0 0 .01.05.06.06.0.04.06.2231.31.32.63.69.69.67 1 .19.16.17 .15 .06 .05
27. Very large 000000 O0O0 0 0 0.02.02.02.03.00.00.08.09.00.10.16 .18 .18 .17 .19 .99 .86 .87 .77 .29 .24
28. Humongous amount [ 0 0 0 0 0 0 0 0 0 0 0 .02.02.02.03.01 .01 .07.08.08 .08 .14 .15 .15 .15 .16 .86 .99 .81 .81 33 .27
29. Huge amount 0000000 O0 0 0 0.02.02.02.03.010.00.07.08.08.09.14.16.16 .15 .17 .87 .81 .99 .89 .34 .28
30. Very high amount [0 0 0 0 0 0 0 0 0 0 0 .02.02.02.03.01.01.06.07.07.08.13.14 .14 .14 .15 .77 .81 .89 .99 .38 .30
31. Extreme amount |0 0 0 0 0 0 0 0O 0 0 0 .01.00.01.00 0 0 .03.03.03.03.06.06.06.06.06.29 .33 34 38 .99 48
32. Maximum amount [0 0 0 0 0 0 0 0 0 0 0 .01.01.00.01 0 0 .03.03.03.03.05.05.05.05.05.24.27 .28 .30 .48 .99

TABLE VI
SIMILARITY MATRIX WHEN THE NEW JACCARD SIMILARITY MEASURE IS USED.

T 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32
T Teeny-weeny T 6260 44 4334 12.17 12150705020 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2. A smidgen 62 1 .91.71.53 .44 .19.23.19.21.12.09.05 0 020 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 O
3. None to very litde .69 .91 1 .65 .54 .45 .20 24 .19.21.12.09.05 0 .02 0 0 0 0 0 0 0 0 0 0 0 0 0 0 O 0 0
4. Tiny 4471 .65 1 .51 .43 .34.39.33.35.24.17.11.05.07 0 0 010 0 0 0 0 0 0 0 0 0 0 0 0 0
5. Very little 43.53.54.51 1 83.25.31.23.26.13.09.04 0 020 0 0 0 0 0 0 0 0 0 0 0 00 0 0 0
6. Very small 3444 454383 1 27.32.2427.14.09.04 0 020 0 0 0 0 0 0 0 0 0 00 0 0 0 0 O
7. A bit 1219 .20 34 2527 1 .54 .62 .46 .34.21.12.0407 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 O O
8. Low amount 17 23 .24 .39 31 .32 .54 1 88.80.53.34.22.13.15.03.03.030 0 0 0 0 0 0 0 0 0 0 0 O O
9. Little 1219 .19 .33 23 .24 62 .88 1 77.55.35.23.13.15.03.03.03 0 0 0 0 0 0 0 0 0 0 0O 0 O O
10. Small 15 21 21 .35 .26 .27 46 .80 .77 1 .63 .38 .25 .14.17.04.03.03 0 0 0 0 0 0 0 0 0 0 O 0 0O O
11. Somewhat small |07 .12 .12 24 .13 .14 34 .53 .55 .63 1 .55 .40 .26 28 .13 .11 .08 .03.03.03 0 0 0 0 0 0 0 0O 0 0 0
12. Some 05 .09 .09 .17 .09 .09 21 .34 35 38 .55 1 .74 .60 .58 .36 .38 .26 .17 .17 .17 .09 .09 .09 .09 .06 .01 .01 .01 .01 0 O
13. Some to moderate .02 .05 .05 .11 .04 .04 .12 .22 .23 25 40 .74 1 .78 .72 43 49 32 21 21 21 .11 .11 .11 .11 .07 .01 .01 .01 .01 0 O
14. Moderate amount |0 0 0 .05 0 0 .04 .13 .13 .14 .26 .60 .78 1 .74 .55 .60 .35 .22 22 .22 .11 .11 .11 .11.07 0 0 0 0 0 0
15. Fair amount 0 .02 .02.07 .02.02.07 .15 .15 .17 28 .58 .72 .74 1 .44 .59 42 29 .29 29 .16 .16 .16 .16 .12 .02 .02 .02 .02 0 O
16. Medium 00 0 0 0 0 0 .03.03.04.13.36.43.55.44 1 .76 .33.19.19.19 .07 .07.07.07.03 0 0 0 0 0 0
17. Modest amount 00 0 0 0 0 0 .03.03.03.11.38.49.60.59.76 1 .41 26.26.25.11 .11 .11.11.07 0 0 0 0 0 0
18. Good amount 0 0 0 .00 0 0 0 .03.03.03.08.26.32.35.42 3341 1 75.75 .74 46 45 45 46 39 .12 .12 .12 .11 .03 .03
19. Sizeable 00000000 0 0.03.1721.2229.19.26.75 1 1 .90.53 .51 51.51 43 .12 .12 .12 .11 .02 .02
20. Quite a bit 00000000 0 0.03.1721.2229.19.26.75 1 1 .90.53 .51 51.51 43 .12 .12 .12 .11 .02 .02
21. Considerable amount{ 0 0 0 0 0 0 0 0 0 0 .03.17 .21 .22 .29 .19 .25 .74 .90 90 1 .60 .58 .58 .58 .50 .14 .15 .15 .14 .03 .04
22. A lot 00000000 0 0 0.09.11.11.16.07.11 .46 .53.53.60 1 .94 .94 .87 .72 22 23 23 .22 .07 .08
23. High amount 00000000 0 0 0.09.11.11.16.07.11.45.51.51.58.94 1 1 .90.77 22 .22 .22 21 .08 .07
24. Substantial amount [0 0 0 0 0 0 0 0 0 0 0 .09.11.11.16.07 .11 45.51 .51 .58 .94 1 1 .90 .77 .22 .22 22 21 .08 .07
25. Very sizeable 0000000 O0 0 0 0.09.11.11.16.07.11 .46 .51 .51 .58 .87 .90.90 1 .72 25 .25 25 .23 .09 .08
26. Large 0000000 O0 0 0 0.06.07.07.12.03.07.39.43.43.50.72.77.77.72 1 21 21 21 .19 .06 .05
27. Very large 00000 0O0O0 OO0 0.00.000.20 0.12.12.12.14.22.22.222521 1 .67.78.76 .59 .38
28. Humongous amount [0 0 0 0 0 0 0 0 0 0 0 .01.01 0 .02 0 0 .12.12.12.15 .23 .22 22 .25 21 67 1 .85 .88 .39 .51
29. Huge amount 000000 O0O0 OO0 0.0.000.020 0.12.12.12.15.23.22.22.25.21.78.85 1 .90 43 49
30. Very highamount [0 0 0 0 0 0 0 0 0 0 0 .01.001 0 .02 0 0 .11.11 .11 .14 .22 21 21 .23 .19 .76 .88 .90 1 .49 51
31. Extreme amount [0 0 0 0 0 0 0 0 0 0 0 0 0 0O 0 O 0 .03.02.02.03.07.08.08.09.06.5 .39 43 49 1 .64
32. Maximum amount [0 0 0 0 0 0 0 0 0 0 0 0 0 0O 0 0 0 .03.02.02.04.08.07.07.08.05.38.51 49 51 64 1




A. Cardinality of an IT2 FS

In [29] a normalized cardinality for a T1 FS is defined by discretizing De Luca and Termini’s cardinality definition

in the continuous domain [3], [ pa(z)dz, ie.

o) = IS o 28)
N < HA\T;).

where | X| = zny — x; is the length of the universe of discourse used in the computation.
Definition 2: [29] The cardinality of an IT2 FS A is the union of all cardinalities of its embedded T1 FSs A,

1.€.,

P(A) = [ p(A0) = (), p.(A)], 29)

where -
pi(4) = minp(A) (30)
pr(A) = maxp(4,). O 31)

e

Theorem 1: [29] pl(fl) and pr(fl) in (30) and (31) can be computed as

pi(A) = p(p () (32)
pr(A) = p(fiz(x)). (33)

Another useful concept is the average cardinality of A, which is defined as the average of its minimum and

maximum cardinalities, i.e.,

oy - DAl + P ) s

p(A) has been used in Section IV to define the VSM and Jaccard’s similarity measure.

B. Fuzziness (Entropy) of an IT2 FS

The fuzziness (entropy) of an IT2 FS quantifies the amount of vagueness in it.
Definition 3: [29] The fuzziness F(A) of an IT2 FS A is the union of the fuzziness of all its embedded T1
FSs A, i.e.,

F(A) = | f(Ae) = [A(A), £-(A)], (35)
VA
where f;(A) and f,(A) are the minimum and maximum of the fuzziness of all A,, respectively, i.e.
fi(A) = min f(A) (36)
1r(A) = max f(Ae) (37)
L X
flA) =1-+ Z; [2pa(2:) = D] O (38)

Theorem 2: [29] Let A.; be defined as

i(x), T ; (x) is further away from 0.5 than p - (x
uAel(x):{ fi(@), iz y b4 (@) 39)
K

(@), otherwise



and Ay be defined as
Bi(z),  both fiz(z) and p4(x) are below 0.5
pa,(x) = ps(z),  both fiz(x) and p ;(z) are above 0.5 (40)
0.5, otherwise

Then (36) and (37) can be computed as

fi(A) = f(Aa) (41)
fr(A) = f(Ae2). O 42)

C. Variance of an IT2 FS

The variance of a T1 FS A measures its compactness, i.e. a smaller (larger) variance means A is more (less)
compact.
Definition 4: [29] The relative variance of an embedded T1 FS A, to an IT2 FS fl, v A(Ae), is defined as

S [ e )] (o)
ARYIINCEH

Vi (Ae) = ) (43)

where ¢(A) is the average centroid of A [see (10)]. O
Definition 5: [29] The variance of an IT2 FS A, V(/Nl), is the union of relative variance of all its embedded T1
FSs A, i.e.,
V(A) = [Jvi(4e) = [w(A), v (A)], (44)
VA.

where v;(A) and v, (A) are the minimum and maximum relative variance of all A., respectively, i.e.

u(A) = minv;(Ac) (45)
vr(4) = maxvs(4c). O (46)

D. Skewness of an IT2 FS

The skewness of a T1 FS A, s(A), is an indicator of its symmetry. s(A) is smaller than zero when A skews to
the right, is larger than zero when A skews to the left, and is equal to zero when A is symmetrical.
Definition 6: [29] The relative skewness of an embedded T1 FS A, to an IT2 FS A4, s i(Ae), is defined as

il — (AP pa. (1) 4
S pa, (@) ’ @

55(Ae) =

where ¢(A) is the average centroid of A [see (10)]. O
Definition 7: [29] The skewness of an IT2 FS fl, S ([l), is the union of relative skewness of all its embedded
T1 FSs A, ie.,

S(A) = | s4(Ae) = [s1(A), 5, (A)], (48)
VA,

where s;(A) and s,(A) are the minimum and maximum relative skewness of all A,, respectively, i.e.

si(A) = r&lﬁn 57(Ae) (49)
sp(A) = max s;(Ae). O (50)

VA.



E. Comparative Studies

Define the average centroid c¢(A) in (10), average cardinality p(A) in (34), and

F(A) = fr(A) —2F fi(A) 51)
o(A) = W(A);FW(A) (52)
Se(A) = ¢ (A) — c(A) (54)
Sp(A) = pr(A) — pi(A) (55)
57(4) = f(A) = fi(4) (56)
8u(A) = vr(A) — v(4) (57)
5s(A) = s,.(A) — s1(A) (58)

Then, these quantities can be classified into three groups as follows:

1) Intra-personal uncertainty measures: p(A), f(A), v(A) and |s(A)].

2) Inter-personal uncertainty measures: d.(A), 6,(A), 6;(A), 6,(A) and 55(A).

3) c(fl) in (10) indicates how large a word is, but it is not an uncertainty measure.

The above ten quantities can also be classified into four groups as follows:

1) p domain uncertainty measures: p(A), f(A), 3,(A) and 6;(A) [because the summations in (28) and (38)
only account for the memberships].

2) 2 domain uncertainty measures: v(A), |s(A)|, 6,(A) and §4(A) [because the summation in (43) and (47)
emphasize the primary variable x].

3) Balanced uncertainty measure: (50(;1) [because the summation in (7) emphasizes equally on z and p(x)].

4) Not an uncertainty measure: c(A).

The correlations between any two of the above quantities, e.g., f(A) and v(A), can be computed as

32 A. v A.
correlation(f(A),v(A)) = 2z J(Ai)v(4)) (59)

VISZ, AT, v2(4))]

The areas of the 32 word FOUs, as well as the five uncertainty measures, are shown in Table VII. The correlations

among the above 10 quantities and the areas of the FOUs are shown in Table VIII. Observe that

1) Except c(A), all other nine quantities have strong correlation with the area of the FOU. This is because
all other nine quantities are uncertainty measures. As the area of the FOU increases, both intra-personal
uncertainty and inter-personal uncertainty increase.

2) Generally c(fl) has weak correlation with all other quantities because it is not an uncertainty measure.

3) v(A) has strong correlation with |s(A)|, and 6,(A) has strong correlation with §,(A). This is because V' (A)
and S(A) measure the second and third order uncertainties in the = domain, whereas all other quantities
measure the first order uncertainties.

4) 0.(A) has strong correlation with all other uncertainty measures.

In summary, the centroid is a very important characteristics for an IT2 FS: its average value can be used in ranking,

and its length is a good uncertainty measure.



TABLE VII
UNCERTAINTY MEASURES FOR THE 32 WORD FOUS.

Word Area of FOU C(A) P(A) F(A) V(A) S(A)
Teeny-weeny 0.99 [0.05,1.08] [0.06,1.05] [0,075] [0.06,074] [-0.14, 0.62]
A smidgen 111 [0.21,1.05] [0.33, 1.44] [0.02,0.70] [0.10,0.84] [- 0.10, 0.96]
None to very little 1.20 [0.13, 1.17] [ 0.20, 1.40] [ 0.01,0.72] [0.10, 1.03]  [- 0.15, 1.18]
Tiny 1.81 [021,1.73] [033,213] [0,072] [023,223] [-0.48, 3.80]
Very little 1.40 [045,149] [0.11,151] [0,083] [0.03,060] [ 021, 0.54]
Very small 1.10 [0.66, 1.39] [0.21, 1.31] [0.04,0.80] [0.04,041] [-0.10, 0.32]
A bit 1.14 [1.42,2.09] [0.52,1.66] [0.09,075] [0.09,052] [-0.17, 0.43]
Low amount 2.70 [1.07,3.13] [0.19,289] [0,082] [006,217] [-2.03,3.67]
Little 2.32 [1.31,2.95] [0.30,262] [0.02 081] [0.10,173] [-1.03,2.77]
Small 2.81 [1.29,3.34] [0.21,3.02] [0,083] [0.03,206 [-2.67, 2.85]
Somewhat small 3.09 [1.73,4.16] [0.17,327] [0,082] [003,275 [-3.58, 4.86]
Some 4.85 [2.03,590] [0.23,508] [0,083] [0.09 671] [-13.33, 18.59]
Some to moderate 4.33 [2.75,631] [0.20,454] [0,082] [0.03,561] [-12.80, 11.96]
Moderate amount 3.41 [3.50,6.28] [0.17,358] [0,081] [003,351] [-5.54, 6.69]
Fair amount 4.16 [3.47,6.78] [0.25 4411 [0,081] [0.06,524] [-12.30, 9.85]
Medium 2.00 [4.19,6.19] [0.04,2.04] [0,080] [001,152] [-1.56, 1.91]
Modest amount 2.35 [4.57,6.24] [0.19,254] [0,083] [003,1.44] [ 1.36, 1.81]
Good amount 4.05 [5.04,839] [0.17,422] [0,082] [0.10,504] [-12.61, 7.59]
Sizeable 2.92 [6.16,8.15] [0.34,327] [0,082] [0.10,231]  [- 4.04, 2.24]
Quite a bit 2.92 [6.16,8.15] [0.34,327] [0,082] [0.10,231] [- 4.04, 2.24]
Considerable amount 3.31 [597,852] [0.19,350] [0,083] [006,3.10] [-6.10, 3.64]
A lot 2.59 [6.99,882] [0.27,285 [0,082] [007, 1.92] [-3.15, 1.54]
High amount 2.47 [7.19,8.82] [0.38,284] [0.02 082 [0.13,1.83] [-3.01,1.08]
Substantial amount 247 [7.19,8.82] [0.38,284] [0.02 082 [0.13,1.83] [-3.01, 1.08]
Very sizeable 2.79 [6.94,9.10] [0.17,297] [0,083] [0.13,251] [-4.51, 1.70]
Large 1.87 [7.50,8.75] [0.32,2.19] [0.04,0.80] [0.10, 1.18]  [- 1.55, 0.47]
Very large 0.92 [9.03,9.57] [0.68, 1.61] [0.06,0.66] [0.12,057] [- 0.55, 0.06]
Humongous amount 1.27 [8.70,9.91] [0.13,140] [0,073] [0.10, 1.18]  [- 1.33, 0.23]
Huge amount 1.24 [8.88,9.82] [0.28,1.51] [0,073] [0.10,093] [- 1.06, 0.12]
Very high amount 1.06 [8.97,9.78] [0.35,1.40] [0.03,0.69] [0.10,0.81]  [- 0.92, 0.09]
Extreme amount 0 [9.56,9.56] [0.70,0.70] [ 0.46, 0.47] [0.10,0.10]  [- 0.02,- 0.02]
Maximum amount 0.49 [9.50,9.87] [0.21,0.70] [0.04,0.67] [0.03,0.18] [-0.10, 0.01]
TABLE VIII
CORRELATIONS AMONG DIFFERENT UNCERTAINTY MEASURES.
Ara c(d) p(A) f(A)  o(A) [s(A)] 6c(A) 5p(A) Sp(A)  Su(A) 5s(A)

Area 1 75 .99 89 .97 88 1 1 92 96 88

c(A) | 75 1 80 86 67 52 73 75 82 64 52

p(A) | 99 80 1 94 95 84 98 99 94 93 84

F(A) | 89 86 .94 1 80 64 88 89 98 78 64

o(A) | 97 67 95 80 1 96 98 97 83 1 96

s(A) | 88 52 84 64 96 1 89 88 67 97 1

6e(A) | 1 73 98 88 98 .89 1 1 91 97 89

Sp(A) | 1 75 .99 89 .97 88 1 1 92 96 88

Sp(A) | 92 82 94 98 83 67 91 92 1 81 67

Su(A) | 96 64 93 78 1 97 97 96 81 1 97

bs(A) | 88 52 84 64 96 1 89 88 67 97 1




VI. CONNECTIONS TO PSYCHOLOGICAL RULES

From psychologists’ view, Wallsten and Budescu [23] pointed out that “when combining, comparing, or trading-
off information about uncertainty with information about other dimensions, such as outcome values, the uncertainty
representation, j1(x), is converted from a vague interval to a point value by restricting attention only to values of x
with membership above a threshold, 0, i.e., for which u(x) > 0. A specific value, p*, is then selected probabilistically
according to a weighting function proportional to the p(x) > 6.” Let 6 = 0, and the weighting function be

Ef\%} () . (60)
> i (i)
Then, (60) is actually the centroid of a T1 FS. This justifies why the (average) centroid can be used in ranking
FSs.

Wallsten and Budescu [23] also pointed out that “when combing separate components of information about a
single dimension, the resulting judgement reflects some sort of average of their values.” Next we shall show that
Perceptual Reasoning (PR) [18], [30], a CWW engine using a special LWA (V~Vl~ in (1) are interval firing levels of
the rules instead of words modeled by IT2 FSs), satisfies this rules.

In Perceptual Reasoning, we consider the following problem [30]:

Given a rulebase with N rules, each of the form:
R': If 1 is Ff and ... and xp is Fg, Then y is G (61)

where Fj’ and G are words modeled by IT2 FSs (the words and their FOUs constitute a codebook), and a new
input

X' = (X1,...,Xp), (62)

where X; are also words (from the codebook) modeled by IT2 FSs, then what is the output IT2 FS Ypr and its
associated word in the codebook?

It has been shown [30] that “for PR using IT2 FSs, Ypg cannot be smaller than the smallest consequent of the
fired rules, and it also cannot be larger than the largest consequent of the fired rules,” i.e., Yppr is some sort of
average of the consequents of the fired rules. A graphical illustration of this property is shown in Fig. 5. Assume

only two rules are fired and G* lies to the left of GQ; then, f/pR lies between G! and G2.

a,(a) yula) ay ()

Fig. 5. A graphical illustration of PR, when only two rules fire.
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VII. CONCLUSIONS

this report, several ranking methods, similarity measures and uncertainty measures for I'T2 FSs were evaluated

based on real survey data, and a centroid-based ranking method and the LWA were tested against psychological

rules. It is shown that:

1Y)
2)

3)

4)

The new proposed centroid-based ranking method is better than Mitchell’s ranking method for IT2 FSs.
Both the vector similarity measure and the new proposed Jaccard’s similarity measure are better than all other
similarity measures for IT2 FSs; however, Jaccard’s similarity measure has lower computational cost, and
hence it is more favorable in practice.

The centroid of an IT2 FS is more important than other uncertainty measures: the average centroid can be
used in ranking, and the spread of the centroid is a well-balanced uncertainty measure.

The centroid-based ranking method and the LWA coincide with psychological rules.

The research results will help people better understand the uncertainties associated with linguistic terms and

hence how to use them effectively in survey design and linguistic information processing.
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