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ABSTRACT

This report presents the studies carried out on two modifications suggested in the literature for
Levenberg-Marquardt algorithm. The modifications are applicable to feed-forward neural
networks. One modification [18], made on performance index, reduces computational
complexity of the Levenberg-Marquardt algorithm, while the other one [17], made on
calculation of the gradient information, improves convergence rate. These modifications have
been performed on several benchmark problems.

1. INTRODUCTION

Slow convergence rate has been the major drawback of the error back-propagation algorithm,
although it has accepted as one of the most important milestones in the area of training neural
networks. In the literature, some well-known heuristics [1-11], and some second order methods
[12-16] can viewed as main approaches proposed so far in order to improve convergence
properties of the error back-propagation algorithm. Among second order approaches, the
Levenberg-Marquardt algorithm is widely accepted as the most efficient one in the sense of
realisation accuracy [14]. It gives a good compromise between the speed of the Gauss-Newton
algorithm and the stability of the Steepest Descent method, and consequently it provides a good
transition between these methods.

On the other hand, the requirement of large amount of memory while inverting the Jacobian
matrix at every weight updates constitutes the main disadvantage of the Levenberg-Marquardt
algorithm. The size of the Jacobian matrix is proportional to the number of adjustable parameters
in the system. As the dimensionality (number of adjustable parameters) of the network increases,
it should be clear that the training would entail costly hardware due to the exponential growth in
the computational complexity.

In this report, we focused on two modifications: one is made on the performance index in
order to reduce the computational complexity [18], the other one is made on the calculation of
the gradient in order to improve the convergence [17].

2. STANDARD LEVENBERG-MARQUARDT ALGORITHM AND ITS
MODIFICATIONS

Standard Levenberg-Marquardt algorithm, a variation on the error back-propagation
algorithm, provides us with a good switching capability between the Gauss-Newton algorithm
and the Steepest Descent method. The quadratic performance index F(w) to be minimized is sum



of the squares of the error between desired output and actual output for all patterns as given by
Eq.(1)
F(w)=c¢'e (1)
In Eq.(1), e is the error vector defined by

T
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where e, is error between d, 4 (desired value for the ™ output and q™ pattern) and arq (actual
value of the ™ output for q™ pattern), Q is the number of patterns, and R is the number of
outputs. Moreover, in Eq.(1), w is the parameter vector given by

w=[wi ws ...wm]" (3)
where M is the number of adjustable parameters. Eq.(1) can also be written as
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In general, the update rule is

Wil = Wi T Awg (5)

In the Newton’s method, adjustable parameters are updated by

Awi = -[H(w)] ' g(w) (6)
where H(wy) is the Hessian matrix given by
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and g(wy) is the gradient vector given by
T
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The gradient vector and the Hessian matrix can be written in terms of the Jacobian matrix as
g(wi) = 21 (wiex ©)
and
H(wy) = 21" (wi)J(wy) + neglected terms (10)

where J(wy) is the RQxM Jacobian matrix given by
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Afterwards, substitution of (9) an_d (10) into (6) yields the_ update rule for Gauss-Newton
method, and the weight updates are calculated by

Awy = [T (wi)J(wi)] T (wiex (12)

Whereas the neglected terms in Eq.(10) may cause some accuracy errors in the calculation of
the Hessian, the most significant advantage of the Gauss-Newton method over Newton’s method
is the elimination of the necessity of calculation of the second derivatives. Furthermore, the fact
that the matrix [J"(wi)J(wx)] may be singular constitutes the main disadvantage of the Gauss-
Newton method.

In the Levenberg-Marquardt algorithm, the singularity problem in the Gauss-Newton method
is overcome by introducing an additional term, which as well provides a good switching between
the Steepest Descent and the Gauss-Newton method. For standard Levenberg-Marquardt
algorithm, adjustable parameters are updated by

Awi = -[I" (wi)J(wi) + pud ]I (widex (13)

where p is the learning rate, 1 is identity matrix [19]. During training process the learning rate p
is incremented or decremented by a scale at weight updates. As the learning rate draws closer to
zero, the Levenberg-Marquardt algorithm approaches the Gauss-Newton method, while it
approaches the Steepest Descent algorithm as the learning rate takes large values. This is shown
in Figure 1 [20].
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Figure 1. Transition between the Steepest Descent and the Gauss-Newton
Although the Levenberg-Marquardt algorithm gives a good compromise between those
methods, its main disadvantage, as can be seen from Eq.(13), is the necessity of computation of
[I (wi)J(wi) + wd]" square matrix at every weight updates, the dimension of which is MxM.
In [18], one modification on the performance index is proposed in order to reduce the above-
mentioned computational complexity, where the performance index given by Eq.(4a) is replaced
with the performance index given by Eq.(14),

R Q 5 2
F(E)=Z{Z(dnq-anq) } (14)
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The new performance index can also be written in a quadratic form :
AT A

Fw)=¢ ¢ (15)
~ ~ A A ~A AT ~ Q
where e is the new error vector e = |:61 €2 ---eR] ,and e, = Z(drﬂq —arjq)2 ,forr=1,....R.
q=1

It can be observed that the continuity requirements are still preserved and that the new
measure can well be considered as a measure of similarity between the desired and the produced
patterns. By this modification, proposed in [18], the new update rule is then written by,

Aw, =- il-%f(m)(hiim)f(m)) Jwy) | 17 (wpe (16)
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where i is the new Jacobian matrix, the size of which is now RxM. Consequently, in the new

update rule the size of the matrix to be inverted becomes RxR. In most neural network
applications R is less than M.

Another modification investigated during the study is on the gradient computation of the
sigmoidal activation function, which is proposed in [17]. This modification aims at improving
the slow asymptotic convergence rate of the error-back propagation algorithm by using the slope
of the line connecting the output value and the desired value instead of using derivative of the
activation function as the gradient information. In the limit case that the output value approaches
the desired value, the calculated slope becomes very near to the calculated derivative of the
activation function, and then both algorithms become identical [17].



3. EXAMPLES AND SIMULATION RESULTS

The modifications in [17-18] have been experimented on several problems with different
network topologies and different roughness of the error surfaces. Several benchmark problems
namely XOR, parity-3, and parity-4 have been taken into consideration. Figures 2 to 5 illustrate
the error of standard Levenberg-Marquardt and modified Levenberg-Marquardt for the same
initial weights for the benchmark problems. Table I summarizes the performance of the modified
algorithm compared to standard Levenberg-Marquardt algorithm with respect to computational
complexity, while Table II shows a comparison of algorithms with respect to average number of
iterations for convergence. As can be seen from Table II, using the slope instead of the derivative
yields better performance in the number of average iterations for meeting the prescribed
convergence criterion.
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Figure 2. XOR problem with 2 hidden neurons  Figure 3. Parity 3 problem with 2 hidden neurons
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Table I. Comparison of the algorithms with respect to average number of floating points in

MatLab for convergence

Standard LM | Modified LM
# of hidden neurons 2 2
XOR Average # of flops 168972 116991
# of hidden neurons 2 2
Average # of flops 507397 336113
Parity-3 # of hidden neurons 3 3
Average # of flops 631883 370205
# of hidden neurons 6 6
Parity-4 Average # of flops 16.6913 10° 6.63997 10°

Table II. Comparison of the algorithms with respect to average number of iterations for

convergence
Derivative Slope
# of hidden neurons 2 2
XOR Average # of iterations 50 36
# of hidden neurons 2 2
Average # of iterations 64 46
Parity-3 # of hidden neurons 3 3
Average # of iterations 45 35
# of hidden neurons 6 6
Parity-4 | Average # of iterations 175 134

In this study, some modifications on training feed-forward neural networks have been
investigated and have been tested on some benchmark problems. One modification [18]
significantly reduces computational complexity by introducing a different performance index,
while other one [17] improves convergence rate with respect to the number of average iterations

6. CONCLUSIONS

for convergence by introducing a different tool for gradient computation.
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